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Introduction
Liquid Composite Molding (LCM) processes are being increasingly used to manufacture fiber-reinforced composite materials. A good composite product is obtained when the reinforcement is fully impregnated by the resin and properly cured. Due to the double porosity scale of the fibrous reinforcements used in high performance composites, bubbles of different shapes and lengths can be created during mold filling, i.e., mesoscopic voids may appear between the fiber tows and microscopic voids inside the tows [1, 2, 3] .
Understanding and preventing the formation of voids is necessary for proper molding of composite parts by LCM. In these processes, saturation is of primary importance in order to predict local defaults.
Incomplete saturation may translate into a reduction of mechanical performance and even cause failure of the final product. Hence, mathematical modeling and numerical simulation of saturation are very important issues in LCM because of the aim to optimize the design and manufacture of high performance composites.
Over the past two decades, various models have been proposed to simulate the resin flow through fibrous preforms. A comprehensive review of these methods can be found in [4, 5] . For computational simplicity, the LCM process has been conventionally modeled as a single phase flow, with resin as the only phase.
In the case of unidirectional injections at constant flow rate in a rectangular mold, classical models predict a moving linear distribution of pressure in the mold. However, experiments show that a non linear (parabolic) pressure distribution is observed in the local unsaturated zone close to the flow front before the mold is completely filled [6, 7] .
The discrepancy between experimental and analytical predictions of the injection pressure versus time has motivated numerous studies on dual scale flows through fibrous reinforcements [8, 9, 10, 11] . In rectilinear and radial flows through a single scale porous medium such as random fiber mats, the inlet pressure increases linearly at constant injection flow rate [9] (see also Fig. 5 ). However, the inlet pressure drops in time in dual scale porous media such as woven fibrous reinforcements for example. In unsaturated flows through fibrous preforms of double scale porosity, this phenomenon known as pressure drooping [8] , has been investigated by several researchers.
On one hand, some authors proposed to incorporate a sink effect on the right hand side of the continuity equation in order to model the unsaturated flow in a double scale porous medium [10, 11] . On the other hand, introducing saturation allows describing in more detail the progressive impregnation of a fibrous preform by a liquid resin. The necessity to account for saturation was clearly demonstrated by De Parseval et al. [9] . Saturation was defined by some investigators as the solution of an advection-diffusion equation [1, 6, 12] , where the degree of saturation is advected with the resin velocity. However, the numerical results obtained in Fig. 2 by this approach differ from our experimental observations. The resin flow in the partially saturated region of the mold cavity can be modeled as a two-phase flow through a porous medium (resin and air). In this case, permeability depends on the degree of saturation of the fibrous reinforcement and describes how each phase flows with respect to the other. However there are few studies in LCM within this multiphase framework. Chui et al. [13] and Nordlund and Michaud [14] were among the first to apply to LCM a two-phase flow model.
Although much progress was made in the last decades on the numerical solution of the formation and transport of voids in LCM, still unresolved issues and limitations remain in the current state of the art. Note that details on the solution algorithm were already described in [15, 16] . As a matter of fact, the comparison of the numerical predictions of saturation with experiments shows that air residual saturation, which can be identified as the air volume contained in immobile bubbles, plays a key role on void formation and transport in LCM.
The rest of the paper is organized as follows. A review on classical two-phase flow models is presented in Section 2. Different ways of coupling the flow, transport and constitutive relations between saturation and relative permeability are described and discussed. Section 3 describes the new mathematical model proposed here to simulate mold filling and saturation in LCM. The boundary value problem is formulated by coupling the hyperbolic transport equation of saturation with the elliptic equation used to calculate the pressure and velocity of the porous flow. Finally, after a short description in Section 4 of the saturation experiments, the predictions of the new model are validated in Section 5 by comparison with the results of injection experiments at constant flow rate [17] .
Review of two-phase flow and transport models
In multiphase flows through porous media, the permeability of each phase depends on the saturation S of the wetting phase, namely the resin in LCM. Saturation is defined as the ratio of the resin volume over the total pore volume of the engineering fabric. Hence (1 -S) denotes the saturation of the complementary phase, namely the proportion of the pore volume filled with air. Therefore, if two fluids flow within the same porous material, their velocity can be expressed by Darcy's law for each phase j as follows:
where q j is Darcy phase velocity and p j the phase pressure. The phase mobility can be expressed in terms of the relative permeability k r,j (S) of phase j, as follows:
where μ j is the viscosity of phase j, and K the intrinsic saturated permeability of the porous medium. In this sequel, the subscripts r and a will be used to designate the resin and air phases, respectively.
Assuming incompressibility of the flow, the equations that describe mass conservation for the resin and air phases are given respectively by
where  denotes the porosity of the fibrous reinforcement. In addition to the conservation of mass and Darcy's law, the pressures of the two phases (resin and air) are related by the capillary pressure function defined as:
The basic Eqns. (1)- (3)- (4) Richard's equation, which was used in [14] to simulate the injection process in LCM together with van Genuchten capillary pressure function as constitutive equation for saturation [18] .
The other formulation used in two-phase flow is the fractional flow approach which originates also from Eqns. (1)- (3)- (4), in which saturation and pressure are chosen as independent variables. In this case the resulting system, known as Buckley-Leverett [19] when capillary pressure is neglected, is composed of the saturation equation
and the pressure equation
called the total velocity and total mobility, respectively. The function f(S) in Eqn. (5) is the BuckleyLeverett fractional flow [19] and it will be defined later.
Chui et al. [13] applied this fractional flow approach to predict the distribution of voids in LCM as reported by Lundstrom and Gebart in [20] . However, this formulation cannot replicate the drooping inlet pressure profile observed by Parnas and Phelan [8] . This is believed to be due to the pressure equation, which does not include any sink term [5] . Therefore another form of coupling between the flow and transport equations is needed. In this paper, a new fractional formulation of the flow/transport problem in LCM is proposed to describe the transport of voids and the drooping inlet pressure. Air entrapped at the mesoscale level may be compressed, dissolved and transported with the resin flow, while voids inside the fiber tows are also dissolved and therefore displaced, although in a slower rate [21] . Hence a parameter will be introduced here to separate the mobile and immobile air fractions in the pressure equation.
Two-phase flow formulations require constitutive relations between the capillary pressure, resin saturation and relative permeability to close the boundary value problem. A power law constitutive model between relative permeability and saturation, commonly used in other disciplines, will be considered here:
The above parameter m, fitted to experimental data, is related to the pore size and the coefficients k 1 and k 2 are the endpoint relative permeability values of each fluid, which are reached when the other phase, namely resin or air, attains its residual value. Standard choices are linear (m = 1) and quadratic (m = 2).
Proposed mathematical model
In this section, a new fractional flow formulation is introduced with pressure and resin saturation as primary unknowns. Capillary effects are often neglected in LCM, however these are recognized to play an important influence in the process [22] . In the sequel, the basic conservation equations where capillary pressure has been included and the constitutive laws for the two-phase flow models (resin and air) are briefly recalled.
Summing mass conservation equations from Eqn. (3), where velocities are defined by Darcy's law in Eqn. (1), the two-phase flow pressure equation is given by
Denoting the fractional flow function f(S) and the diffusive coefficient D cf (S) due to capillary effects respectively by 
the following expression is derived from Eqn. (9) ( ) ( ) ( )
which, combined with mass conservation, leads to the saturation equation for the resin:
In the definition of the fractional flow, M denotes the ratio of viscosity of the wetting phase (resin) over the viscosity of the non wetting phase (air).
Hence, the general flow equations for pressure and saturation including capillary effects become
The equations governing saturation and pressure are non-linear PDEs strongly coupled through the dependence of the mobility field on saturation in the pressure equation and through the total velocity appearing in the saturation equation. Note also that the capillary pressure p c appears explicitly in the pressure equation and in the diffusive term of saturation equation. Our goal now is to introduce approximations so as to make the coupling between saturation and pressure/velocity less strong and model void transport.
A new parameter χ is introduced to denote the air fraction which moves with the resin or is dissolved in the resin flow. Hence (1 -χ) denotes the immobile air fraction, which represents the entrapped residual air in the part and will create the void content after cure. Therefore the mass conservation equations can be rewritten as follows:
Regrouping, Eqn. (14) can be described by similar mass conservation equations:
Note that to calculate velocity only the mobile air needs be considered like as Eqn. (15) . However, this is not valid to calculate pressure, because it ignores the immobile air fraction. This suggests to add a sink source in the pressure equation like as Eqn. (15) . Hence, it is proposed to compute pressure from the following modified equation:
and then calculate velocity by taking into account only the mobile air fraction:
It is natural to assume that air bubbles transported in the flow move at the same velocity as the resin.
Therefore the total velocity may be replaced by the following term:
where φ has been chosen such that the two velocities in Eqn. (19) take the same value for S = 0 and S = 1 respectively, and φ(1)=1. For numerical results φ(x) = x 1/m , where m depends on the relative permeability model, and all calculations have been obtained subject to the following conditions:
With above assumptions and according to Eqn. (19) , when χ = 1, the following total velocity is obtained in Eqn. (17) (where the subscript r for pressure has been omitted):
Hence, the modified pressure equation (17) can now given by
and the fractional flow formulation to model the process can be summarized as
Note that for χ = 1, which can be interpreted as all air is mobile, Eqn. (22) 
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The choice of this new saturation is based on two premises. First, the velocity total of the flow is calculated by taking into account only the air fraction which moves with the resin (Eqn. (18)) and, second, the air bubbles transported in the flow move at the same velocity as the resin (Eqn. (19) ).
Furhtermore, by adjusting the value of parameter χ one can obtain the same effect as when a constant residual air saturation is considered.
The modified pressure equation together with the new expression for the total velocity q will be discretized together with the saturation equation, as it is described by Eqn. (23), to solve the two-phase flow boundary value problem. Finally, to close this system of equations, a constitutive relationship between saturation and relative permeability will be needed as shown in the sequel. The standard boundary conditions of molding problems are used, namely no pressure gradient in the normal direction to the mold wall, specified flow rate at the inlet gate and zero pressure in the empty part of the mold. In summary, the simulation of the filling process involves the following operations at each time step:
1. Use the saturation distribution from the previous step (or initial data) to compute the saturation dependent coefficients in the pressure equation.
2. Calculate the pressure distribution by a standard finite element approximation of the following equation:
3. Calculate the velocity field from
As described in the previous section, a power law expression for the relative permeability in function of the saturation has been implemented in the numerical simulations.
Update the distribution of saturation by integrating equation
using a numerical method based on a modified flux limiter technique (see [15] for more details).
Here, the fractional flow function f (S) and the non-linear diffusive coefficient D cf (S) are given by Eqn. (10).
Experimental study
Resin Transfer Molding (RTM) is a composite manufacturing process belonging to the LCM family. It consists of injecting a liquid resin through fibrous reinforcements contained in a rigid mold. In order to test and evaluate the different two-phase flow models devised in this investigation to predict saturation, numerical results will be compared with experimental data. A bidirectional non-crimp fabric (NCF) was selected for this investigation. Fiber properties for this experiment were characterized in [17] Unidirectional injection experiments were carried out in a rectangular mold with transparent glass cover.
Saturation was evaluated by 2D tomographic reconstruction based on Visible Light Transmission (VLT) [23] . This experimental technique is based on fundamental relationships of optics. It allows a better understanding of the mechanisms of void formation and transport in dual scale fibrous reinforcements (see also [17] ). In [17] , saturation results are obtained by VLT analysis for an experimental injection carried out at 0.1 ml/s constant flow rate.
The RTM injection was performed at room temperature and atmospheric pressure. The geometry considered is a rectangular mold cavity of 360 mm in length, 105 mm in width and of thickness 3.175 mm. Fig. 1 shows a picture of the mold with its transparent cover and the evolution of the average 
Numerical results and discussion
The comparison between experimental and numerical simulations predicting saturation allows The problem has been numerically solved here using the two-phase fractional flow approach described in 
where the degree of saturation is advected with the velocity q. Fig. 2 shows that linear models of relative Numerical results for saturation in Fig. 3 are based on the two-phase flow formulation described in Section 3 by Eqns. (25)-(27), using a quadratic power law model for the relative permeability (Eqn. (8) with m = 2). Hence the mobility in Eqn. (26) to simulate the velocity has been computed from the following expression for the relative permeability
In this case, according to the above assumptions, the saturation equation reduces to
where the resin fractional flow f(S) in the saturation equation have been defined as
It is well known that upwinding is an essential part of any numerical scheme for hyperbolic equations. In our construction of numerical fluxes to compute saturation, the upwind direction has been determined by the sign of the velocity q, calculated from pressure, multiplied by the partial of the fractional flow with respect to resin saturation. Hence, in this case, the saturation is advected with the velocity q multiplied by the slope of the fractional flow curve.
In the first REVs analyzed of Fig. 3 the error is nearly zero. In these cases, only a slight increment in the error measure in the area surrounding the breaking point has been detected. This is related with the flux limiter technique to compute saturation, which automatically changes the scheme from second order to a conventional first order one in the neighborhood of the breaking point. On the other hand, the error increases gradually from REV13 probably because of the flow front has reached the vent location. Hence, the discrepancy between experimental and numerical saturation found in the last curves of Fig. 3 can find its origin in the experimental measurements of the saturation curves.
The model proposed in this paper allows predict saturation in RTM, but this new formulation requires fitting some parameters which depend on the resin injection conditions: k 1 , k 2 , m and χ.
The parameter φ(χ) = χ1/m in Eqn. (24) has been taken from experiments as the ratio between the length of the partially saturated region and the total length of the mold at 1200 s, which is the theoretical time required to fill the mold fully saturated for this test.
An important parameter in determining the effectiveness of two phase flow displacement is the endpoint mobility ratio defined as the ratio between the maximum velocity of the displacing fluid (resin) and the maximum velocity of the displaced fluid (air):
where k 1 is the relative permeability for resin at residual air saturation, meaning that only resin is flowing, while k 2 is the relative permeability for air at irreducible resin saturation, i.e., when only air is flowing.
Mobility ratio is directly related to the relative velocity of each fluid. A mobility of one represents equal velocity of the displaced and displacing fluids. In order to secure this last condition we assume Eqn. (20) .
Optimal numerical results in this paper have been obtained when the endpoint relative permeability for resin k 1 is equal to 1. Hence the relative permeability to air at irreducible resin saturation, k 2 in Eqn. (8), must be relatively low. As can be seen in Fig. 4 , the parameter k 1 is very important to decide the correct position of the discontinuity in the resin saturation at the flow front. In order to demonstrate its influence on the numerical predictions a comparison for three different values of k 1 has been showed in Fig 4, where k 2 M = 1 in all cases. Other widely used constitutive relations between resin saturation and relative permeability commonly used in petroleum engineering and related fields have been used in numerical simulations, such that Brooks-Corey model [24] generalized from the original Corey model [25] and the van GenuchtenMualem model [18] . Although numerical results have been omitted in this paper, we note that BrooksCorey and van Genuchten-Mualem models of relative permeability provide predictions closed to experimental results. However, a slight deviation was observed in these cases near the shock front with numerical results worse than those obtained using a quadratic power law model for relative permeability.
In general, in the case of a moderate injection flow rate of 0.1 ml/s, numerical results observed in Fig. 3 show that the two-phase fractional flow model described in Section 3 by Eqns. (25) A validation of the proposed model has been done by comparing them with the experimental results for the saturation curves shown in Fig. 13 of Ref. [14] . The experimental curves in [14] was extracted by an image analysis method to determine the saturation curves of a resin/glass fabric system, during infiltration in a transparent mould under constant flow rate. Video acquisitions was transformed by image analysis into saturation level versus position and time, and coupled to inlet pressure measurements. The numerical saturation distribution calculated with the fractional two phase flow described in Section 3 at four filling times of 7.5 s, 10 s, 12.5 s and 17.5 s is depicted in Fig. 6 by solid lines. Experimental results (dashed lines) in Fig. 6 have been extracted from Fig. 13 of Ref. [14] . Numerical results in Fig. 6 correspond to an experimental injection at constant flow rate of 0.00105 m/s and the same conditions described in table 2 of Ref. [14] . Numerical simulations are carried out using the same value for the parameters (k 1 = 1, k 2 M = 1 and m = 2) except for χ which has been set to 0.01. Good agreement was found for saturation between the numerical simulation and the experimental measurements for the four times studied. However, since the parameters depend on the resin injection conditions, optimized parameters for this test could improve numerical results. 
